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Abstract: As part of this study, we consider the problem of no stationary interaction of a viscoelastic
cylindrical shell of limited length with a viscous fluid. To illustrate the relationship between the forces and
displacements of the shell, the Boltzmann-Volterra heredity integral was used. In this case, general solutions of
the linearized Navier-Stokes equations for a viscous fluid are applied. We apply the Laplace transform to the
equations in time, and the Fourier transform in coordinates on the constrained interval. It has been established
that with increasing time, the influence of the compressibility of the liquid manifests itself as an increase in
displacement.
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1. Introduction.

The study of viscoelastic body’s dynamic reactivity to non-stationary influences is very important
right now, and there's a lot of interest in it. It should be noted that numerical methods are often used to
calculate bodies interacting with a medium. Along with, analytical methods make it possible to reveal
many features of dynamic deformation that cannot be obtained numerically. Works [1, 2] are devoted
to the study of the problem of interaction of a viscoelastic shell with a viscous compressible fluid. In
[3-5], an axisymmetric problem is considered, and in [5, 6] the general (non-axisymmetric) problem of
wave propagation in an isotropic homogeneous shell filled with a viscous fluid is studied. In [7], a
solution was obtained for the plane case of no stationary interaction of a cylindrical shell with an ideal
fluid. We look at the non-stationary interaction of a viscoelastic cylindrical shell of limited length with
a viscous fluid in this work. The Boltzmann-Voltaire heredity integral was employed to describe the
relationship between the shell's forces and displacements [8,9]. General solutions of the linearized
Stokes-Navier equations for a viscous fluid are used in this situation [10, 11]. The shell motion
equation is described using the Kirchhoff-Love assumptions.

2. Methods.
2.1. Problem Statements and Solution Method

Consider the radius, length, and thickness of a viscoelastic cylindrical shell. The motion equations for
a shell that satisfy the Kirchhoff-Love hypothesis are given in the form
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components of the vector of viscoelastic displacements of points of the middle

instants modulus of elasticity and Poisson's ratio; p,, P,, P, — given
— components of the stress tensor

Here u,,u,,u, —
surface of the shell; Eqand v, -
non-stationary effects on an absolutely rigid surface; p,,, P,, P,y
of a viscous fluid, taking into account compressibility;
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parameters of the velocity field resulting from elastic shell deformations; u -

L,,0,,0,, Pp—
Viscosity coefficient; ﬂ’l = —gﬂ - second viscosity coefficient.

Taking into account the assumption that for a thin shell, the radial stresses are equal to zero, the
generalized Hooke's law can be written as:

E (1-R 3 E (1-R E (1-R
z _rll(_—‘;z)(gz +Vng€); Oy = 1( )(V +86); O, =0y :%gw,

Where R" - integral operator with relaxation kernel T" (t) acting on a function ¢ :

- 1-2v,, R

E,=E,(1-R}): V,=vy+

n

R f(t)=m, j 20 (=B,.t—7) f(x)dr (a)
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or

Enf(t)=E0n|:f(t)—j;REn(t—T)f(T)dT} (b) )

7 - the time preceding the moment of observation; (o(t) - arbitrary function of time; REn(t—r) -
relaxation core; E_ - instant modulus of elasticity; vn - Poisson's ratio; m, fn - material parameters.

As the kernel of the integral operator, we will use the fractional-exponential Rabotnov function [5]

S ) o

mn 952/)2 (_ﬁi t) =

rne ['(j) = jexp(—y)yj’ldy- gamma function.
0

The kinematic conditions are satisfied on the surface of the deformable shell
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We also assume that the ends of the shell have a pivotally movable support and there are no

deformations at the initial moment of time [6].

In [1,2,3], a general solution of the Navier - Stokes equations for a viscous fluid was obtained.
According to [3], we obtain
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Here the potentials y, y,, ¥, satisfy the equations
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From (4), following the works [3,4,12], we obtain the representation of the components of the velocity

vector through the potentials
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2
=i(a_¢ X2 _10x2 1%) (6)

For non-stationary problems, the solution of equations (5) will be sought in the form
y, = f,(r,z,t)cosmd; y, =1, (r,z,t)sinmd; y,, = f, (r,z,t)cosmo @)
We apply the integral Laplace transform with respect to time t and the Fourier transform with respect

to coordinate z to equations (5) on a finite interval [8]. Then equations (5), taking into account
relations (3), are reduced to the following equation:
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L and A— Fourier and Laplace transform parameters; index FL denotes an image of the
corresponding size.

Solution of ordinary differential equations (8) with variable coefficients , represent in the form
FL
i =AZ, (1), (9)
where Z_(X) — cylindrical functions.

For potentials (5) in the image area, solutions (9) lead to the following expressions:
et =[Al,(mr) +BK, (mr)]cosm; z,, ™ =[Al, (m,r) + B,K, (1,r)]sin mo; (
Zag - =[ AN, (75r) + B,K, (,r)]cosmd,

where | (X) - modified Bessel functions; K (X) - Macdonald functions.

10)

Let us find a solution for the axisymmetric case (m=0) Translating (9) into the image area and
substituting (10), we obtain

Ur':L = ﬂ,[A1771|1(771I‘) - B1771K1(771r) - ,8772A2|1(772I') + ,anBzKl (nzr)];
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vt =2 BALnr) + BBK, (1) = Bris Ay (7,1) = 11°B,K, (7,1) |; (1)

4 34
pFL =3 poV/I(Uf - ﬁz - —j[Ai'o(fhr) + BlKo(nlr)]
3 4v
Values (11) allow us to write the load (10) due to the velocity field in the form

pr';L|r=R: a1A1 + aZBl + asAz + a4Bz; errL|r:R: b1A1 +bZBl +b3A2 +b4Bz;
Here

a, = 2m, Buil,(n,R); a, = 2n,BuK (7,R);
a; = 772(7722 +ﬂ2),uﬂ,|1(772R); a, = _772(7722 +ﬁ2)IM~K1(772R);

2 2UA
b, :_ﬂ(gﬂﬂz + poi) l,(mR) + 'UR i I,(mR);

2 2ul
b, = —z(gﬂﬂz + pozj o(nR) + 2 R

b, =2upn, { 1,(7,R) - Il(an)}; b, = 2uApn} {KO(UZR) - _Kl(’bR)},
17,R R

The solution of integro-differential equations (1) taking into account (7) takes the form
u™ =MA +M,B +M,A +M,B, +H,;
us- =M.A +M.B +M,A +M.B, +H,,

FL

u,- = MQAi + MlOBl + M11A2 + Mlsz +H,,

where
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1 1 1 1
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To determine the coefficients A, A,,B,, B, we use kinematic conditions (3), which in the image area
have the form
vl = Qufl ; oft =quft; r=R

as well as conditions at infinity or on the axis (r=0).

3. Results and analysis
r—oo 1,(X) [,(X) >

B, and B

Since at and ' then in solutions (11), (10) it is necessary to put

A =R =0 coefricient values 2 we determine from conditions (11):

1 1
Bl :_(szs _Hlk6); Bz :_(H1k5 —H2k7),
A, A, (12)
where

ks = =1 Ki(mR) — mg; ke = 1K1 (2R) — mg;

k; = BKo(miR) — my; kg = —n5Ko(n2R) — my; 4, = kskg — kek;
With internal interaction on the shell axis (r=R) functions K,(x), K,(X) — oo, therefore, in
solutions (10), (11) one should put:
B,=B,=0

Values A and A, we also determine from the boundary conditions (12)

1 1
Ai = A_(H2k4 _Hlk2); Az = A_(Hlkl _szs);
3 3

Here

ky =m0, R) —mg; K, = —pi,1,(1,R) —m,;

k, = —7722I0(772R) -m,; A, =kk, —KK,.

If we consider the problem of the interaction of a fluid located between elastic coaxial cylinders with

radius R, and R, (R, >R,), then, due to the limited distance between the surfaces, in solutions (11)
and (12) all coefficients should be preserved.

In this case, these solutions must additionally satisfy the boundary condition on the second shell,
which formally coincides with (12). Then A, A,, B,, B, will be determined by the system
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Aikn + Blk12 + A2k13 + sz14 :Hn; A1k15 + Blk16 + A2k17 + szls :le;
'Aikzl + Blk22 + A2k23 + sz24 = HZl; Alk25 + Blk26 + A2k27 + szzs = sz;
Here index 1 corresponds to a shell with radius R,, and index 2 is for a shell with a radius R,. As a

numerical example, solutions of the internal interaction were studied, when surface deformations were
caused by a change in pressure according to the law Ap, = —ap, CoS wt

The transition from the image to the original was carried out numerically using piecewise polynomial
functions ~ with  the  following parameter  values: E=2.1.10" Pa;

V= 0.580M7; p, = 2.5-10ITa; p, =1.86-10°T1a
c
R=5.0cm;l =20cm; h=0.20cwm;

On fig. 1 shows the change in the contour stresses of the shell from time to time for various
thicknesses.

0 =90°
8 - - \ R I T e —)
hRr=0,02 \I/R=0,05
6 ’ h/R=0,05
/
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Fig.1. The dependence of the dimensionless annular
voltage frdm  at different h/R

On fig.2.shows the change in the radial contour stresses of the shell from length for a viscous
compressible fluid (solid line) and for a viscous incompressible fluid (dashed line), respectively, at

t=0.4 and t =16
er{-lﬂ"

0 3 B g 12 15 i
Fig.2. Variation of radial contour stress on shell length
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Conclusions

1. Based on the Laplace and Fourier integral transformation approach, a method for estimating non-
stationary oscillations of a shell with a viscous fluid has been devised in this study.

2. As time passes, the liquid's compressibility appears to have less of an impact.
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