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Abstract: Itis obtained estimates of the Zygmund estimate type for the bisingular integral. Based on the obtained
estimates, it is constructed a class of functions invariant respect to thebisingular operator.
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1. Introduction

The classical boundedness theorem of singular operator with the Hilbert kernel in space L,(p > 1), it was proved by
N.H. Luzin in [6] and M.Riesz in [16] for the cases p = 2 and p > 1, respectively.Subsequently, this result was carried
over in a number of papers for fairly wide classes of Jordan rectiable curves. A detailed prehistory of this issue is
available in the work [9], also in the works of A.P. Calderon [11],[12], and [13].

Tostudythespecialintegral

i(x) = f:gszc ds, x € (a,b)

(= < a < b < +w) with thesummable density in the work [4], [10] for a function u € Llp"c(a, b) , where Ll;’c (a,b) -
is the set of functions, summable with the degree p in any compact segment of the interval(a, b). The characteristics
were introduced

b-n
e = ([ WolPdwpen>0.6+n<b-a=1,

a+é

b-n-h

1
w,(u,6,§,m) = sup ( J- lu(x + h) —u(x)|Pdx)P ,E+n+h<15>0
0<hs<é
a+é

and in the case 1 < p < +oo it is proved estimates, (Q, (&), w, (%)) , by (2, (W), w,(w)).

In the limiting case for p = and u € Cf, ) these results were obtained in [3], [7], it was shown that
estimates [2] in a certain sense are unimprovable. In [5] using M. Riesz's theorem about the bounded action of an
operator & in the space Ly (a, b) the results are obtained in [1], [2].

One of the first papers, dedicated to the repeated special integral with the Hilbert kernel
1 ¢
(Bf)(x1, %) = g(x1, %) = mf_”ﬂ J© fx+ty+1)ctg Ectggdtdr,

was a work of L. Cesari [14]. He proved that if f € H(ZS?' 5121),then

2
9 € Hise ins,) 6% 1ms,1)

Following L. Cesari, L.LE. Zak [5] in his work also showed that the class of functions H(ZS?' 59) is not invariant with

respect to the operator B. In the paper, it was proved that the classes of functions
H*F = {f € Clpnp: 0 (81,8,) = 0(8865), wk(8,) = 0(88), w?(8,) = 0(65),0 <, B < 1}.

are invariant with respect to the operator B.
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2. RESULTS

Let —o<a; <a, <+mw,—0<b <b,<+0,1<p<+w and the functionu(xy,x,) be defined onA=
(a4, ay; by, by), moreover let this function be measurable.

We make the following notations

L?C(A) ={wvEn >0,i=12+n <a,—a; =1, +n, <b, — by =L u€Lyla; +&a, —ny;by +
$2:by =121}

LY (ay, by) ={w:vE € (0,1, i = 1,2,u € Ly[ay + &, a5 by + &5, b5},

LY (az, by) ={w:vE € (0,1;],i = 1,2,u € Ly[ay, a, — &5 by + &5, by},

LY (ay, by) ={w:v¢; € (0,1;],i = 1,2,u € Ly[ay + &, a5; by, by — &1},

L (ay, by) ={w:vé; € (0,1;],i = 1,2,u € Ly[ay, a; — &; by, by — &,]%

For the functionu;; € Lg’“(ai, b]-) (i,j = 1,2)we introduce the characteristic

|=

az by P

Q:zlnl(un'fpfz,): J- f|u11(x1,x2)|pdx1dx2 )

a1 +§1 ba+$>

Juy

az—§1—U1 bz P
wp (u11,61, $1,8) = SUP f J- [ugq (eq + D4, %2) — ugp(xq, %) [P dxydx, |,
€E
ek a1+é1  bi1t+é;
1
az bz—§2-0; p
5;1(1‘11'51'62;52) = DSUI; f f [ugq (g, 2z + 12) — ugq (g, %) P dxydx, |
2€k2 a1+§1 bi+ée
1
az—§1-01 by—§2—0 I3
wél(u11'51'f1,62;52) = sup f f |Augg (g + Uy, %1, X5 + g, %) [P dxydx, |
[11EE1LI2€E,

aj+§; b1+$>

Where 6! > 0, EI. = {hl: 0 < h’l S mln{(sl, ll - gl}}'l = 1,2,Au11(x1 + h’l' xl, xz + hz, xz) = ull(xl + hl' xz + hz) -
ug1 (g + hy, x3) — ugq (g, %5 + hy) 4 ugq (g, x3).

Letu € LY(A)and u(x;, x,) = X7y, (%1, x2), wherew;; € L¥¢(ay, b;)

(i,j =12).

Then it is obvious that the function

¢ u(sy, sz)
i, x) = f f 1 — 10 (5z — x) 5252

can be represented in the form
2
U(xg, x;) = Z Uy (%, x2)
0,j=12

Using|8], [15], [17], [18], it is proved the following theorem.
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Theorem 1.Let u;; € ng’c(ai,bj), Eikj € (0, 1), (i,j, k = 1,2).Thenfromconvergenceofcorrespondenceintegralsit holds
the following inequality

L
2 2 ..
. QY (u, ,tl,tz)
QJ (0, &4, &%) << C,,[ff S & Tdtidt, +
0 0 (t1t2)p(t1+f )q(t2+f )q

b, & iy J TR &, &
2 2 Wp W by, b5 Z L0y | Uty 2oL oy |\ Wipty, 5ty
ff : - dtldt2+ff T : dtldt2+f s dt, dt,
00 tP(t + &)L, 00 t§(tz +&5)it 00
kiky ll l2
+ B1(§ B2 (5D (11,3 3)ln—ln7],
3]
where
1, ifx e (0,%],
Pi(x) =

0, ifx € (0,4,

(joky, by =1,2,i # ky,j # ky)

Moreover, itisobtainedestimatesﬁ;;j (ﬁij, 61, filj, ff]) , 53 (ﬁij, filj, oy ff]) s
co;,j (ﬁij, 61, filj, 8y, ff]) We denote by G the set of positive functions

((p(fll 52' ): 1/3(61, fll 52' ), l/j(fll 62' 52)' lp(all 51! 62' 52)),

definedfor0 < &; < I;,8; > 0,i = 1,2,andsuchthatthe functions ¢, ), 1,l=1, 1) almostdecreasinginé;, &, (uniformly by other
variables) , 1,1, Yalmost increasing in &;, 8, (uniformly by other variables)

P(61,606) V(61826) Y(81,61,62,6) (81,1,8262)
6 & 8 ' 52 '

almostdecreasingind;, §, (uniformly by other variables)

&(51’51'fz)ﬂ!:’(ﬁ"sz'Szz)'lp(fspﬁ"sz'fz) -0
foré,, 6, = 0.

Leto, ¥, ), € G. DenotebyH?'% 0B 1pthe set of functions frole"C (a4, by) such that there exists constantc; > 0 (i = 1,4)

and
Ot (w60, 62) < 1061, &),
wpt (wij, 81,61,62) < P81, 61,6,
oyt (ui, €162, 62) < 3P (81,62, 6),
0p" (i, 81,61, 62,62) < €ah(61,€1,82,62).

ThesetH” %%’Z}bynormllull paibi = Max {cy, C, C3, C4}is a Banach space.
PP

ByG, we denote the set of function ¢, 1, 1,l=1, 1 € G, such that for V¢; € (0, [;] the following integrals are convergent

5% i Iz — &
ty,t Yt 5t
f f ot f (1—22)1%%

(t1t2)p(t1 + f1)q(t2 + fz)q 0 (tltz)%(tz +&)4
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Iy Ip =

Iyl
ind) ot re(ged)
dtldtz, —dtldtz,

(t1t2)p(t1 + 51)‘1 0 (tyt,)P

Now, wedeterminebyG,Hpthe set of positive functions ¢ (&;,&,), W(&y, 8,2,&) , W (61, &1, &) , (81, &1, 85, &5, )satisfying
the following conditions:

L I
POt it = 0o £),
00 (t1tz)p(t1 + 51)‘1(’52 + Szz)q
RICE. .
6, ﬁdﬁdtz =0 (61, ¢1,2)),

0 0 (tit)P(ty + &)

R 1,3 (tp ty %) -
5, f | R dnde, = 066,86,
0 (t1t2)5(t1 +&)4

15 lz tz, )
6,6, dtydt, = 0 (61,81, 62,2)),
f Of (t1tz)p
9(§1,62) =0 (¢(51: 51;52))

81
51"‘5152"‘5

where the constants in expression”0"do not depend on §;,&;(i = 1,2).

59,6 = 0(¢(§1' 82,62)),

61
61+§1 62+€2

©(&1,82) = 0 (81,¢1,62,82)),

We also denote

p.aibj - MP
In 211l 2l 6, ,n212 [P ,n211 61 §, —
A N A A T e

p.apby

Theorem 2.If((p, ],1,1_11 ],1,l=11 'z ]) € GoHp.Then operator éimaps the space 212 I=1 H¢11,17J11,1711.w11

M}, (i,j=1,2).

itself and is boundedby

We note that the proof of this last Theorem 2 comes from the proof of Theorem 1 and by definition of the sets of GoHp.
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